We solve the nonlinear Poisson-Boltzmann (P-B) equation of statistical thermodynamics for the external electrostatic potential of a uniformly charged flat plate immersed in an unbounded strong aqueous electrolyte. Our rather general variational formulation yields new solutions for the external potential derived from both the classical Boltzmann distribution and its heuristic Eigen-Wicke modification for concentrated symmetric electrolytes. Electrostatic potentials of these mean-field solutions satisfy a homogeneous condition at a free boundary plane parallel to the electrically conducting plate. The preferred position of this plane, characterizing the outer limit of the charged electrolyte, is determined by minimizing electrostatic free energy of the electrolyte. For a given uniform density of surface charge exceeding a well-defined and experimentally accessible threshold, we show that the generalized nonlinear P-B equation predicts a unique sharp interface separating a charged boundary layer or double layer from electroneutral bulk electrolyte. Sharp electric boundary layers are shown to be an essentially nonlinear phenomenon. In the super-threshold regime, the diffuse Gouy-Chapman solution is inapplicable and thus the Derjaguin-LandauVerwey-Overbeek analysis, predicting electrostatic repulsion between two sufficiently separated and identically charged parallel plates must be rejected. Similar limitations restrict the applicability of the Grahame equation relating surface charge density to surface potential. 
Introduction
Electrostatic fields adjacent to electrically charged surfaces immersed in an electrolyte are important in a wide variety of applications, extending from electrochemistry, through colloid science to the biophysics of ionic atmospheres [1, 2] . The classical nonlinear mean-field PoissonBoltzmann (P-B) equation is widely accepted as a continuum model for such fields, which are described by a non-dimensional electrostatic potential function ψ(x). This model considers the electrolyte to be composed of mobile ions regarded as point charges free to move in a spatially homogeneous dielectric continuum representing the solvent. The problem has a long history and a widely accepted diffuse solution, described for a z : z electrolyte by Gouy [3] and Chapman [4] (G-C), is given by a potential function that falls from a finite value at a planar charged surface where x = 0 to zero as x → ∞. The potential is non-zero for finite x. An important relationship between the surface charge density and surface potential of an electrical conductor was noted by Grahame [5] . There have also been many heuristic efforts to modify the P-B equation to allow for dielectric saturation [6] and finite ionic size [7] [8] [9] [10] .
At thermodynamic equilibrium, the Boltzmann distribution of mobile ions in a dielectric continuum in conjunction with the Poisson equation of classical electrostatics leads to a meanfield approximation to the charge density of electrolytic ions. The resulting P-B equation takes a general form
Here, the positive Debye parameter κ describes electrolyte screening in terms of experimentally accessible quantities and is defined in appendix A. For a z : z electrolyte occupying the region x > 0 adjacent to a positively charged surface at x = 0, our generalized P-B equation (1.1) describes the classical P-B equation when 2) and the Eigen-Wicke (E-W) equation [7] when 3) and γ represents the volume fraction of identically sized ions in the electrolyte. The twice continuously differentiable function F(ψ) is assumed to satisfy the conditions
We find that F(ψ) = 2(cosh ψ − 1), ψ ≥ 0, for the classical P-B equation and
for the classical P-B and E-W problems, respectively. The expression (F (F −1 (ω 2 ))/2ω), ω > 0, plays a pivotal role in the description of our solution to the generalized P-B equation. We define the discriminant of F as the function
The long-standing P-B problem is re-examined as a free boundary problem, with a constant potential φ(x) beyond a free position x = X > 0. The electrostatic potential ψ(x) = φ(x) − φ(X) is defined with reference to the electrostatic potential φ(X). When X = ∞, and ψ(x) → 0 as x → ∞, we refer to the solution as a diffuse boundary-layer solution. However, we do not assume an a priori value for X. The value of X must be determined to satisfy appropriate physical conditions and we determine X by minimizing a functional that is proportional to the electrostatic free energy of the region enclosing the charged electrolyte. Similar approaches have traditionally been proposed [11, 12] to analyse diffuse boundary layers where the outer boundary is assumed to be fixed at infinity. We characterize a unique solution as an extremal for the free-energy functional. For a uniform density of surface charge above a well-defined threshold, the functional is minimized at this extremal. We call such a solution a sharp or finite boundary-layer solution. Sharp solutions describe external potentials ψ(x) that fall from finite non-zero values ζ at the surface of the charged sheet to zero at a finite distance X from this surface. Our new formalism predicts a critical surface charge density at x = 0. For positive surface charge densities in excess of this threshold value, only sharp solutions of the classical P-B problem (1.2) are possible. For positive surface charge densities below this critical threshold, X = ∞ and the electric boundary-or double layer is always diffuse. We apply standard physical interface conditions [13] for electrostatic fields at the fixed surface x = 0 and at the interface represented by the free boundary plane at x = X. This leads to finite boundary-layer solutions that satisfy the physical requirements of charge conservation, global electroneutrality and electrochemical equilibrium, as discussed in appendices B and D.
The extremal providing a finite boundary-layer solution to the P-B problem, appears to be new. Such non-smooth solutions are no mere mathematical artefacts. They actually provide practical solutions to variational problems. For example, an early description of a broken extremal solution to the problem of minimum surface area of revolution was given by Goldschmidt. For a planar curve joining two points that are sufficiently close together, the minimal surface of revolution is a catenoid. When the distance between these points exceeds a critical threshold, Goldschmidt's solution consists of two end discs and corresponds to the broken extremal with discontinuities at each end of the interval [14] . In higher dimensions, a similar situation is observed for the Plateau problem describing a soap bubble surface as an extremal for a multiple-integral energy-functional. Such a minimal surface may consist of adjoining smooth components corresponding to a broken extremal [14] . Where the smooth parts of the extremal intersect, there are discontinuities in first spatial derivatives.
Numerical examples illustrating the super-threshold regimes of the P-B and E-W models exhibit unusual external electric-field profiles, with sharp cut-offs, for charged surfaces immersed in aqueous electrolytes. This remarkable behaviour suggests a number of simple observations and experiments with outcomes at variance with predictions based on the traditional assumption of diffuse ionic atmospheres.
Variational formalism
We consider the electrostatic field in the region x > 0 adjacent to an infinite charged planar surface located at x = 0. Although the field depends only on the single variable x, we use partial derivative notation to permit extension to non-planar geometries. Consider the functional (2.1) related to the electrostatic free energy contained in the region bounded by the planes x = 0 and x = X > 0.
where
We seek among the piecewise smooth functions, a function ψ(x), 0 < x for which I[ψ] is minimum. Well-known arguments from the calculus of variations [14] require that ψ(x) satisfies the EulerLagrange (E-L) equation in integrated form second-order differential equation is the inverse problem of the calculus of variations [14] . Our choice of I[ψ] for the classical P-B equation (1.2) is now standard [11, 12] . From physical considerations, we impose a Neumann boundary condition,
at the charged electrically conducting surface x = 0. The relationship between the nondimensional surface charge density parameter α and its physical counterpart σ is described in appendix A. We assume that the charged plate is positive so both σ and α are non-negative, and ψ (x) ≤ 0. If these conventions are not satisfied, the required sign changes to our equations are easily made. How restrictive is this Neumann form of boundary condition? From the viewpoint of variational theories, Neumann boundary conditions are often selected to be the natural boundary conditions for a problem. However, we have an even more compelling reason for selecting such a boundary condition. Our model naturally determines a unique relationship between the nondimensional or 'reduced' surface charge density α and the non-dimensional or 'reduced' surface potential ζ = ψ(0). This relationship is not imposed a priori, but arises from our solution. From this point of view, the Neumann condition is equivalent to a unique inhomogeneous Dirichlet condition specifying the surface potential at x = 0. Thus the Neumann condition is the more natural. Solution of (1.1) requires a second boundary condition to be imposed. In the literature, it is assumed that X = ∞ and that ψ(x) → 0 as x → ∞. This is the diffuse boundary-or double-layer solution studied by many researchers. We assume only that X > 0 and indeed X is free to take the value X = ∞. Hence the generalized P-B problem takes the form
We proceed to construct a family of non-trivial solutions, determined by reduced surface potentials ζ = 0. For planar geometry, we can convert the P-B system (2.5) into a first-order differential equation. The identity
is integrated between 0 and x to obtain
We introduce a non-dimensional electric field ν(x) = −κ −1 (∂ψ/∂x) and use the boundary condition ν(0) = α to obtain the first-order differential equation
where ω = F(ζ ) is the transformed surface potential. After separating variables and integrating, we find for a given κ that
which implicitly defines ψ(x). The integral (2.9) has an upper limit equal to the reduced surface potential ζ . It is an unusual description of the potential ψ(x) in that it defines the inverse function .9), we define the non-dimensional electric field ν(x) through the implicit expression
Minimum properties of boundary-layer solutions
We have constructed in implicit form, a family of electric potentials ψ(x) and fields ν(x) for the generalized P-B equation. For the G-C problem, Grahame [5] has taken the reduced density of surface charge to be α(ζ ) = 2 sinh(ζ /2) or, for small surface potentials, α(ζ ) = ζ . We will show that the minimum condition for I [ψ] determines that X = ∞ for ω less than or equal to a threshold value. It also determines that the Grahame equation relating surface charge density to surface potential takes the form
We signify such diffuse solutions ψ d (x) by using the subscript d (≡diffuse). For ω greater than the threshold value, there is a unique finite X such that ψ(X) = 0. We describe such solutions ψ s (x) as sharp, signified by the subscript s (≡sharp). The Grahame result (3.1) is inapplicable in this sharp regime. We will determine its proper replacement. Eliminating the square of the derivative in the free-energy functional using equation (2.8),
From (2.9), the boundary-layer thickness is defined by the integral
in which the upper limit F −1 (ω 2 ) = ζ . Thus, after a change of variable to y = ψ(x), (3.2) takes the form
A further change of variable F(y) = (α 2 − ω 2 ) u 2 leads to the expression 6) and when ω = α
We now determine a minimum for I[ψ] by requiring (∂/∂ω)I[ψ] = 0. Differentiation of (3.4) with the aid of the Leibniz rule gives 
(a) Finite electric boundary-layer solutions
When ω = 0, we see from (1.4), (1.5) and (3.8) that
When ω = α, we find, using the standard integral
In ( The unique finite boundary-layer solution to the free boundary problem for the generalized P-B system (2.5) is provided by the sharp electrostatic potential ψ s (x) defined implicitly by
with a corresponding sharp electric field ν s (x)
14)
The boundary-layer thickness takes the finite value 16) or equivalently, after a change of variable, to The diffuse boundary-layer potential ψ d (x) is given implicitly by 18) and the corresponding field ν d (x) is In a diffuse context, we see from equation (3.1) that F(ζ d ) = α 2 . Thus, the reduced differential capacitance is given by
For the classical P-B equation F(ψ) = 2(cosh ψ − 1) so the reduced differential capacitance is given by the standard Grahame expression, cosh(ζ d /2). The diffuse result given by equation (3.20) can be extended, by implicit differentiation, into the sharp regime. This is discussed in appendix C.
Discussion
We have characterized the generalized P-B system (2.5) as a free boundary variational problem and have constructed a unique analytical solution which provides a minimum for a free-energy functional I [ψ] . We have also shown that for super-threshold reduced surface charge densities α > α c the solution ψ = ψ s takes the form of a sharp finite boundary layer of thickness X. For subthreshold charge densities α ≤ α c , the diffuse solution (figure 3) to the P-B equation for a symmetric z : z electrolyte is identical to the G-C solution [3, 4] . We have found that finite or sharp boundary layers are nonlinear phenomena. Thus, when the classical P-B equation is linearized, as in the analysis of Debye & Hückel [15] for the electrostatic potential outside small spherical ions, only diffuse solutions survive. Our use of the symbol ζ for the reduced surface potential conforms to the notation of Verwey & Overbeek [16] . The same symbol is used for the electrokinetic potential of a colloidal particle at the 'surface of shear' in electrophoretic experiments [17] . Although experimental numerical estimates of these two quantities appear to be similar, our surface potential is strictly an equilibrium property.
We now consider how our new formalism modifies traditional solutions to the classical P-B problem first considered by Gouy [3] and Chapman [4] . The critical threshold, above which a diffuse boundary layer for the P-B equation (1.2) contracts to a sharp boundary layer, has been derived as α c = ω c ≡ 2 sinh(ζ c /2) = 2 √ 3. The corresponding critical reduced surface potential ζ c is 2.6339 regardless of the value of the Debye screening parameter. From equation (A 2), we see that this translates at 25 • C to a critical surface potential of 67.67 mV for a 1 : 1 electrolyte, a value typical of surface potentials encountered experimentally. Thus, the conventional assumption of diffuse boundary layers is invalid for numerous practical problems describing thermodynamic equilibrium in electrochemistry [1] and interface science [2] .
As we enter the super-threshold regime of the classical P-B equation (1.2), the magnitude of the reduced surface potential ζ exceeds 2.6339, the boundary layer becomes sharp and its thickness X contracts rapidly. A plot of the boundary-layer thickness as a function of the transformed surface potential, deduced from our equation (3.3) for κ = 10 8 is shown in figure 4 .
Let us now consider a flat plate with a uniform density of surface charge σ = 17.8 mC m −2 , corresponding, at 25 • C to α = 10, immersed in a strong 1 : 1 aqueous electrolyte with κ = 10 8 m −1 (or a Debye screening length of 10 nm). For this example, figure 1 displays a local minimum when I[ψ] is plotted from (3.4) as a function of the surface potential ζ . We see that the sharp super-threshold value of the dimensionless surface potential ζ s = 4.185 so the corresponding dimensional surface potential is 107.5 mV at 25 • C. From equation (3.15) or figure 4 , the boundarylayer thickness X at equilibrium is 6.11 nm. In the well-studied sub-threshold regime, the dependence of the electric free energy on ζ d has been analysed by Verwey & Overbeek [16] . In contrast to the results of our super-threshold analysis (figure 1), the free-energy functional
/κ in the sub-threshold regime always falls monotonically as the magnitude of ζ d increases. It is illuminating to examine the structure of the super-critical electric field outside this uniformly charged plate after a state of thermodynamic equilibrium has been attained. Figure 2a displays the reduced external electric field ν(x) = −κ −1 (∂ψ/∂x), defined by equation (3.14) . The electric-field profile decreases monotonically from its boundary value ν(0) to ν(X) at the outer edge of the double layer where ν (X) = 0. Beyond this plane, the electric field falls precipitously to ν(x) = 0 for all x > X. In contrast to the diffuse external field displayed in figure 3a , the corresponding electric-field profile for a finite boundary layer displayed in figure 2a , is discontinuous at x = X. Both ψ s (x) and ψ d (x) depicted in figures 2b and 3b are continuous for all x > 0, but ψ s (x) has a discontinuous slope at x = X.
The unusual profile exhibited in figure 2a has remarkable experimental implications. Consider two identical and parallel charged plates separated by a rectangular prism of electrolyte of thickness d. If d > 2X, the electric field of the first plate vanishes at every local charge associated with the second plate. Therefore, in this super-threshold regime, whenever d > 2X there is no electrostatic repulsion between the two plates of like charge! The Derjaguin-Landau-Verwey-Overbeek argument [16, 17] , predicting electrostatic repulsion between two identically charged plates regardless of their separation d was based on considerations restricted to diffuse double layers. It is therefore inapplicable to the situation where the plate-separation d exceeds twice the sharp boundary-layer thickness. In the absence of electrostatic repulsion, attractive London-Casimir-Polder dispersion forces associated with electron-electron correlations [18, 19] can be expected to lead to weak net inter-plate attraction that is augmented by ion-ion correlations [20] . It would therefore be helpful to measure the force between two such plates as a function of d in experiments where our critical threshold for sharp boundary layers is exceeded. If d is initially large, and is gradually reduced, we anticipate that weak attraction between the plates suddenly gives way to significant repulsion for d < 2X. Such an experiment would be useful for estimating the magnitude of the boundary-layer thickness X.
Our preliminary calculations suggest that sharp boundary layers in the vicinity of electrically conducting spherical surfaces also form beyond thresholds in the critical surface charge density or surface potential. Hydrophobic colloidal suspensions such as gold nanoparticles dispersed in rspa.royalsocietypublishing.org Proc. R. Soc. A strong aqueous electrolytes are thermodynamically unstable with respect to particle coalescence, aggregation and sedimentation but are currently believed to be kinetically stabilized by the potential energy barrier provided by overlap of the diffuse double layers on adjacent particles. This electrostatic stabilization is pronounced when the repulsive barrier between two particles is large compared with typical thermal energies of order k B T, where k B is the Boltzmann constant. As noted by Derjaguin & Landau [17] , this barrier, representing the sum of the positive electrostatic repulsive energy and the negative van der Waals attractive energy, is often sufficient to confer significant temporal stability to a hydrophobic colloidal suspension composed of identical particles. If as the ionic strength of the ambient electrolyte is raised, the surface charge density of the spherical colloidal particles exceeds the critical threshold, the resulting cut-off in the external radial electrostatic field (analogous to that depicted in figure 2 ) completely eliminates the repulsive barrier for particle separations r > 2R s , where R s is the outer radius of the sharp boundary layer. The stabilizing inter-particle potential energy barrier is then reduced and aggregation of the hydrophobic suspension is more rapid.
We next compare a plot of α(ω s ) with the sub-threshold Grahame result α = ω d for which 0 < ω d < ω c . For our generalized P-B equation, the super-threshold relationships (3.16) and (3.17) do not express α as an explicit function of ω s in terms of elementary functions. Nevertheless, these implicit relationships, taking the form Φ(ω s , α) = 0, provide a perfectly adequate tool for numerical purposes. In the case of the classical P-B model, the slope of the contour Φ(ω s , α) = 0 in the upper curve of figure 5 defines relevant differential capacitances with respect to the transformed surface potential. We observe that the upper finite boundary-layer curve deviates smoothly from the traditional Grahame curve in the super-threshold region ω > α c .
Finally, we consider a brief analysis of the novel super-threshold regime for the E-W equation ( restricted to values of the volume-fraction γ < 0.0534. For more concentrated aqueous electrolytes and molten salts, our analysis of the E-W equation (1.3) indicates that the electric boundary layer is diffuse. In this diffuse regime, we have confirmed the results of Kornyshev [9] and have found that similar behaviour occurs in the sharp regime where γ < 0.0534. When γ < 0.0534, there are sharp boundary-layer regions of γ − α parameter space in which the reduced differential capacitance is given by equation (C 3) of appendix C rather than the simpler diffuse result (3.20) . Figure 6 plots the critical surface charge density satisfying (3.12) as a function of γ . The region to the left of the contour in γ − α parameter space defines the finite boundary-layer regime for the E-W model. The remainder of this γ − α parameter space defines the conventional diffuse regime explored previously [8, 9] . If the concentration of a strong aqueous solution of KCl is 1000 mol m −3 at 25 • C, the reciprocal Debye screening length is 3.3 × 10 9 m −1 , and extant data [21] suggest that for this value of κ the volume fraction γ of this binary electrolyte is about 2.7 × 10 −2 . Figure 6 shows that when γ = 2.7 × 10 −2 , there are two distinct values, α 1c = 4.03 and α 2c = 18.3, of α c that satisfy the critical condition (3.12). If ω ≤ ω 1c or if ω ≥ ω 2c , we expect diffuse doublelayer behaviour. As the surface potential ω increases within the sharp regime ω 1c < ω < ω 2c , the differential capacitance of a sharp boundary layer initially rises slightly above the estimate from equation (3.20) for diffuse boundary layers, then falls below it and finally returns to it when ω = ω 2c .
Concluding remarks
We anticipate that these hitherto overlooked finite electric boundary-layer solutions of both the classical P-B equation and its heuristic E-W modification will find numerous applications in the science of electrolyte solutions at charged interfaces. 
Here, D 2 (or D 1 ) is the displacement vector immediately to the right (or left) of the interface with an outwardly directed normal unit vectorn pointing from region 1 to region 2. As the electric field is zero and ψ(x) = 0 in the region x > X, this bulk region of the electrolyte remains electrically neutral. Using the jump condition at the interfaces x = 0 and x = X, we see that the positive surface charge density at x = 0 is determined from the boundary condition (2.4) and is proportional to and the system of interest remains globally electroneutral, as expected.
Appendix C. Super-threshold generalization of the Grahame equation any solution (ω * , α * ) with Φ(ω * , α * ) = 0, ω * > α c , α * > α c , there is a neighbourhood N(ω * ) and a continuously differentiable function P defined on N(ω * ), such that
The relationship Φ(ω, α) = 0 defines a super-threshold generalization of the Grahame equation [5] as α = P(ω), ω ∈ N(ω * ). The differential capacitance is given by 
